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6.1 10-fold way

Given a Hamiltonian ‘H that has no unitary symmetry, a time reversal operator 7 is an antiunitary operator
that commutes with H, a particle-hole operator P is an antiunitary operator that anticommutes with H and
a chiral symmetry C is a unitary operator that anticommutes with H. These operators, if they exist, square
to T2, P2 € {-1,1},and C? = 1.

T : Antiunitary [T,H]- =0 (1)
P : Antiunitary [P,H]+ =0 (2)
C' : Unitary [C,H]+ =0 (3)
Helpful properties
[A7 Bc]ﬂ: = [Aa B]*C + B[Av C]i = [Aa B]ic + B[A7 C]*a (4)
with [A,B], = A+ B.

1. (2 points) Show that C = TP, T =CP, P =CT (understood up to possible scalar phases).

Solution:
C=TP: [H,TP), = [H,T]- P+ T[P,H]s =0
=0 =0
T=CP [H,CP]_ = [H,C]4 P~ C[H,Pl; =0
N—— N——
=0 =0
P=0CT [H,CT)y = [H,C)4 T+ C [T, H]_ =0
N—— \ﬁ,o_/
=0 =




Kramer’s degeneracy

Consider a Hamiltonian H with a time reversal symmetry T that squares to —1, i.e., an antiunitary symmetry
T with [H,T] =0 and T? = —1.

1. (2 points) Show that for each eigenvector |¢) of H, the state T'|t)) is an eigenstate of H that is orthogonal
to [1).

Solution: Let |1)) be an eigenvector of H and assume H is invariant under time-reversal symmetry.
First, we show that T'|¢) is an eigenstate of H with eigenvalue . The eigenstate satisfies

Hly) = El) .
Because, H is time-reversal symmetric, we know T'H = HT and therefore
HT|¢) = TH|p) = eT[y) .

Next, we show T'|1)) is orthogonal to |¢).

o) := Tip)
(W) = (TY|Te))" = (TU|T?1h))"
= —((pl¥) = —(@|g) = (@lp)=0

End
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